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Abstract 



^^ ' We introduce a flow of Kaliler structures over Fano manifolds with 

(-H ■ formal limit at infinite time a Kahler-Ricci soliton. This flow correspond 

(-H ' to a Perelman's modified backward Kahler-Ricci type flow that we call 

Soliton-Kahler-Ricci flow. It can be generated by the Soliton-Ricci flow. 
We assume that the Soliton-Ricci flow exists for all times and the Bakry- 
Emery-Ricci tensor preserve a positive uniform lower bound with respect 
to the evolving metric. In this case we show that the corresponding 
Soliton-Kahler-Ricci flow converges exponentially fast to a Kahler-Ricci 
►^ soliton. 

\0 ■ 1 Introduction 

en ' 

_Y-N ' This paper is the continuation of the work jPal2| in the Kahler setting. 

(•~^ , The notion of Kahler-Ricci soliton (in short KRS) is a natural generalization 

PsJ ■ of the notion of Kahler-Einstein metric. A KRS over a Fano manifold X is a 

Kahler metric in the class 27rci {X) such that the gradient of the default potential 
of the metric to be Kahler-Einstein is holomorphic. The terminology is justified 
. ; , by the fact that the pull back of the KRS metric via the flow of automorphisms 

r% ■ generated by this gradient provides a Kahler-Ricci flow. 

j^ I We remind that the Kahler-Ricci flow (in short KRF) has been introduced 

by H. Cao in |Cao| . In the Fano case it exists for all positive times. Its conver- 
gence in the classic sense implies the existence of a Kahler-Einstein metric. The 
fact that not all Fano manifolds admit Kahler-Einstein metrics implies the non 
convergence in the classic sense of the KRF in general. 

Our approach for the construction of Kahler-Ricci solitons is based on the 
study of a flow of Kahler structures {X, Jt, gt)t>o associated to any normalized 
smooth volume form il > that we will call n-Soliton-Kahler-Ricci flow (in 
short fi-SKRF). (See the definition [1] below.) Its formal limit is precisely the 
KRS equation with corresponding volume form fl. 

It turns out that this flow is generated by the backward KRF via the diffeo- 
morphisms flow corresponding to the gradient of functions satisfying Perelman's 



backward heat equation [Per] for the KRF. In particular our point of view gives 
a new reason for considering Perelman's backward heat equation. 

Using a result in [Pall] we can show that the Jl-SKRF can be generated by 
the 17-Soliton-Ricci flow (in short fl-SKF) introduced in |Pal2| via an ODE flow 
of complex structures of Lax type. (See corollary 2 below.) 

Let M be the space of smooth Riemannian metrics. We have explained in 
|Pal2) that it make sense to consider the 51-SRF for a special set S^ C A4 
of initial data (see [Pal2' for the definition) that we call positive scattering 
data with center of polarization K. 

In this paper we denote by ICj the set of J-invariant Kahler metrics. We 
define the set of positive Kahler scattering data as the set 

With this notations hold the following result which is a consequence of the 
convergence result for the il-SRF obtained in |Pal2) . 

Theorem 1. Let (X, Jg) be a Fano manifold and assume there exist go £ ^^'j^ ' 
for some smooth volume form fl > and some center of polarization K, such 
that the solution {gt)t of the il-SRF with initial data go exists for all times and 
satisfies RiCgj(ri) ^ Sgt for some uniform bound S e R>o- 

Then the corresponding solution {Jt,gt)t^o of the fl-SKRF converges expo- 
nentially fast with all its space derivatives to a Joo -invariant Kdhler-Ricci soliton 
goo =RiCg^(fi). 

Furthermore assume there exists a positive Kahler scattering data go G 5^^+ 
with go Jo G 2t:ci{X) such that the evolving complex structure Jt stays constant 
along a solution {Jt, gt)t£[o,T) of the il-SKRF with initial data (Jo,5o)- Then 
go is a Jo-invariant Kdhler-Ricci soliton and gt = go- 



2 The Soliton-Kahler-Ricci Flow 

Let 51 > be a smooth volume form over an oriented Riemannian manifold 
{X,g). We remind that the J7-Bakry-Emery-Ricci tensor of g is defined by the 
formula 

Ric<,(fi) := Ric(.g) + V^dlog^. 

A Riemannian metric g is called a il-Shrinking Ricci soliton (in short fi-ShRS) 
if g = RiCg (f2) . Let now (X, J) be a complex manifold. A J-invariant Kahler 
metric g is called a J-Kahlcr-Ricci soliton (in short J-KRS) if there exist a 
smooth volume form il > such that g = RiCg(ri). 

The discussion below will show that if a compact Kahler manifold admit 
a Kahler-Ricci soliton g then this manifold is Fano and the choice of il corre- 
sponding to g is unique up to a normalizing constant. 

We remind first that any smooth volume form O > over a complex manifold 
{X, J) of complex dimension n induces a hermitian metric hn over the canonical 



bundle K^ j := A"'°T* given by the formula 

nli" a A ^ 



ft.o(a,/3) := 



n 



By abuse of notations we will denote hy il ^ the metric hn. The dual metric 
h'^ on the anti-canonical bundle K~^j = A"'°T^ is given by the formula 

Abusing notations again, we denote by ft the dual metric ft-^. We define the 
17-Ricci form 

Ric,(f7) :- ^Cn{K-l) = - tCn-i{K,,) , 

where Ch{L) denotes the Chern curvature of a herniitian line bundle. In partic- 
ular we observe the identity Ric,(aj) = RiCj(aj"). We remind also that for any 
J- invariant Kahler metric g the associated symplectic form a; := gj satisfies the 
elementary identity 

Ric(5) = - Ric^(w)J. (2.1) 

Moreover for all twice differentiable function / hold the identity 

Vgd/ = - {id,,d,,f)j + gd^^^^gf . 

(See the decomposition formula (16. 5p in the appendix.) We infer the decompo- 
sition identity 

Ric<,(C!) = - Ric,,(n)J + ga,^^V,log^. (2.2) 

Thus a J-invariant Kahler metric g is a J-KRS iff there exist a smooth volume 
form rj > such that 

g = -RiCj(17)J, 

a, Vglog4^ - 0. 

The first equation of this system implies that (X, J) must be a Fano variety. We 
can translate the notion of Kahler-Ricci soliton in symplectic therms. In fact 
let (X, Jo) be a Fano manifold of complex dimension n, let ci :— ci(Ar, [Jo]), 
where [ Jq] is the co-boundary class of the complex structure Jq and set 

JIj, ■■= {J^[M I iv,7 = 0, 3c. e /c^-^} , 

where Nj denotes the Nijenhuis tensor and 

/C^/'^i := luj G 27rci | uj = J*ioJ , - wj > o| , 



is the set of J-invariant Kahler forms w S 27rci . It is clear that for any complex 
structure J G J^ j and any form w g K.^'^'^^ there exist a unique smooth volume 
form ri > with f-^Q — (27rci)"' such that cj = Ric,(ri). 

This induces an inverse functional Ric^^ such that fl = Ric^^(aj). With 
this notation we infer that a J-invariant form uj g 27rci is the symplectic form 
associated to a J-KRS if and only if < 5 := —uiJ and 



d„ V„ log T—— 

^^■^ ^ Ric;\cj) 







In equivalent volume therms we say that a smooth volume form il > with 
Jx^= (Sttci)" is a J-Soliton- Volume-Form (in short J-SVF) if 



( < 9 



mcj{n)j , 



^ „ , Ric,(0)" 
d^ Vg log ^^-^- 







We deduce a natural bijection between the sets {g \ J- KRS} and {fi | J- SVF}. 
We define also the set of Soliton- Volume- Forms over {X, Jq) as 



SV 



X,Jq 



:= In > 0\ f n ^ (27rci)" , 3 J G J+j^ : f7 is a J- SVfI 



We would like to investigate under which conditions SVx,Jo ¥" ^- Fo^' this 
purpose it seem natural to consider the following flow of Kahler structures. 

Definition 1. {The il-Soliton-Kdhler-Ricci flow). Let {X,Jo) be a Fano 
manifold and let fl > be a smooth volume form with J^n ~ (2ttci)" . A 
U,- Soliton- Kahler- Ricci flow {in short J7-SKRF) is a flow of Kahler structures 
{X^ Jt,UJt)t^o which is solution of the evolution system 



r d_ 
It 



wt 



mcA^) 



UJt 



(2.3) 



— Jt = Jt d^ 



I df' = •^*'^-x,.,v.*iog77 



where gt := — uJtJt- 

The ri-SKRF equation/system p.3p can be written in an equivalent way as 

r d 



dt 



wt 



d 



idjd ft = Ric {uJt) 



■^i^T^,.,y9tIt 



^t , 



(2.4) 



e-^'wj" = n 



We observe also that (|2.3p or (|2.4p are equivalent to the system 
d 



dt 
Jt 



Wt 



d 
It 



RicAn) 



(*r')Vo 



1 



Wt , 



(d$t • Jo) o $r' 



■d$: 



(2.5) 



ii'^t = - ( § Vg, log ^ ) o $t 






^ $0 = Idx • 
In fact lemma S] combined with lemma [5] in the appendix implies 



dt 



i.^Ut) 



*nl^. 



= *n^^* 



dt 



2 -^^st/*-^* 



(it Jo and we observe that the 



We define now ujt := '^'^tot , gt '■— ^t9t - 
evolving family 

(Jo,Wt)t = $*(Jt,CJt)t, 

represents a backward Kahler-Ricci flow over X. In fact the Kahler condition 



hold and 



V§,Jo = *:(V,,Jt) = 



dt ^ \dt "^ '*^' 



r(Ric.,(^t) 



$ 



Ric, (wf) 



2 ■'* 

wt , 



by the formula (16.41) in the appendix. We observe that the volume form pre- 
serving condition e^-^'cj" = 17 in the equation (j2.4p is equivalent to the heat 
equation 



2^/* = Tr„.^^* = - Agjt + Scal(5t) 



2 71 



(2.6) 



with initial data /o := log^. (In this paper we adopt the sign convention 



A„ 



divg Vg.) In its turn this is equivalent to the heat equation 



4/' 



^aJt - |VgJ, 



9tJt\gt 



Scal(5t) — 2n , 



(2.7) 



with same initial data /o :— log ^. In fact let ft '■— ft°^t and observe that 
the evolution equation of $t in (|2.5p implies 



Jt^' = (1-^*1°** 



1 



iygJt)o^t,-<Pt 



StO$t 



O $i 



We observe also that the derivation identity 

combined with the evolution equation of $t in the system (j2.5p implies 

We infer the evolution formula 



i"^' - K^^'^0°'^^"- 



(2.8) 



In conclusion we deduce that the fi-SKKF ( Jj , uJt)t^o is equivalent to the sys- 
tem of independent equations 



r d 



dt''' 



Ric (wt) 



^Jt^' - ~^^*-^* 



wt , 



l^Jtll 



Scal{gt 



2n 



-/"^:i" 



n 



by means of the gradient flow of diffeomorphisms 



Notation. Let {X,g,J) be a Kahler manifold with symplectic form cu :— gj 
and consider v £ S^T^, a € A^ TJ. We define the endomorphisms 
and a* := uj^^a. For example we will define the endomorphisms 



.,* — ^-1 



9 V 



Ric!(rj) := g-^mCg{Vi) , 



and 



Ric*(f))g :^ w-iRic,(f]) . 
With this notations formula (|2.2p implies the decomposition identity 

n ■ 



Ric;(r!) - Ric;(r!)g + a^^^Vglog 



(2.9) 



3 The Riemannian nature of the SoHton-Kahler- 
Ricci Flow 

The goal of this section is to show that the Kahler structure along the SKRF 
comes for free from the SRF introduced in |Pal2] by means of a Lax type ODE for 
the complex structures which preserves the Kahler condition. For this purpose 
let {Jt-,gt)t^o be a fi-SKRF. Time deriving the identity gt = —ujfJt we obtain 

d d d 

dt^' = -dt''"^' - ""'dt^' 

= - Ric{n) Jt + uJtJt - uJtJtd\/gJt 



X.Jt 



= - R-iCj,(f^)J« + dtd^^^^WgJt - gt 
= Ricgt i^) - gt , 

thanks to the complex decomposition (|2.2p . We have obtained the evolving 
system of Kahler structures {Jt,gt)t^o, 

j^gt ^ RiCfff (^) - gt , 

(3.1) 

which is equivalent to (12. 3p . (The second equation in the system follows from 
the fact that in the Kahler case the Chern connection coincides with the Levi- 
Civita connection.) We observe that the identity (|2.ip implies that the Ricci 
endomorphism 

Ric*(g) = Ric*(c^)<,, 

is J-linear. Thus the system (|3.ip is equivalent to the evolution of the couple 
{Jt,gt) under the system 

gt = Ricg,(f^) - gt , 

2Jt = Jtg; - g;Jt, (3.2) 

J? = - Itx , {Jt)l ^ - Jt, Vg.Jt - 0, 

where for notation simplicity we set ijt :— -^gt and Jt := -^Jt- Moreover (Jt)^ 
denotes the transpose of Jt with respect to gt- We remind now an elementary 
fact (see lemma 4 in |Pall| ). 

Lemma 1. Let {gt)t^o be a smooth family of Riem,annian metrics and let 
{Jt)t^o be a fam,ily of endom,orphism,s of Tx solution of the ODE 

2Jt = Jtc/t - g*tJt , 



with initial conditions Jq = — ly^ and (Jo)X, = ^ Jo- Then this conditions 



are preserved in time i.e. J^ 



Itx o-nd {Jt) 



Jt for all t ^ 0. 



We deduce that the system 
9t 



is equivalent to the system 
RiCg, {VL) ~ gt , 

2Jt = Jtij; - g;Jt, 
Vg.Jt = 0, 



(3.3) 



with Kahler initial data {jQ,go). We show now how we can get rid of the last 
equation. We define the vector space 



F — 

IF g .— 



{vec^{x,sm)\ v,^„«; = o} 



where V^ denotes the covariant exterior derivative acting on Tv-valued dif- 
ferential forms and we remind the following key result obtained in |Pall) . 

Proposition 1. Let {gtjt^o he a smooth family of Riemannian metrics such 
that gt G IFgt o-nd let {Jt)t^o be a family of endomorphisms of Tx solution of 
the ODE 

Jt = Jt9t - 9tJt , 

with Kahler initial data (Jo,(7o)- Then {Jt,gt)t^o is a .smooth family of Kahler 
structures. 

In particular using lemma 1 in [Pal2j we infer the following corollary which 
provides a simple way to generate Kahler structures. 

Corollary 1. Let {Jt,gt)t^Q C C°°{X,Eiid^{Tx)) x M be the solution of the 

ODE 

d .. 



dt'^ 



0, 



(3.4) 



'2 -r Jt = Jt Qt 
dt ^* 



9*tJt 



with {Jo,go) Kahler data and with V^ {9oY — for all p G K>o- Then 
{Jt,9t)t^o is fl smooth family of Kahler structures. 

We remind also the definitions introduced in |Pal2) . We define the set of 
pre-scattering data 

Sa ■■= {9^M\ V,^,^Ric;(r!) = O}. 

Definition 2. {The Q,-Soliton-Ricci flow). Let Vt > he a smooth volume 
form over an oriented Riemannian manifold X. A fl-Soliton-Ricci Flow {in 
short J7-SRF) is a Flow of Riemannian metrics {gt)t^o C S^ solution of the 
evolution equation gt = RiCgj(J7) — gt. 



From Proposition [T] we deduce the following fact which shows the Rieman- 
nian nature of the i7-SKRF. Namely that the il-SKRF can be generated by the 
nSRF. 

Corollary 2. Let Q > be a smooth volume form, over a Kdhler manifold 
(X^Jq) and let {gt)t^o be a solution of the J7-SRF with Kdhler initial data 
{Jqi9q)- Then the family {Jt,gt)t^o with (J()t^o ^^6 solution of the ODE 

2 if = Jtgt - gtJt , 
is a solution of the i7-SKRF equation. 

4 The set of Kahler pre-scattering data 

We define the set of Kahler pre-scattering data as S^ j :— S^-^ n ICj . Using the 
complex decomposition formula (|2.9|) we infer the equality 

^n.., = [ge/CJ 9^^/,^^V,log^ = - d,^R\c*,{n),} . 

In fact the identity dRiCj{il) = is equivalent to the identity dj Ric j{il) — 0, 
which in its turn is equivalent to the identity 

a?^^Ric*,(f)), = 0. 

We observe now the following quite elementary facts. 

Lemma 2. Let {X, J) be a Fano manifold and let g G S^^ , such that uj := 
gj G 27rci(X). Then g is a J-invariant KRS iff uj = RiCj(i7), iff RiCg{^) is 
J -invariant. 

Proof. In the case Ric*(r2)g = I^x the condition g € S^ , is equivalent to the 
condition 

dVg 



d^^Vglog-^ = 0. (4.1) 



(i.e the J-invariance of RiCg(f2) and thus that 5 is a J-invariant KRS.) In fact 
in this case 

^?.,.^-x,.V.log^ = 0, 
which by a standard Kahler identity implies 

Thus an integration by parts yields the required identity (j4.ip . 

On the other hand if we assume that RiCg(i7) is J-invariant i.e we assume 
(|4.1I) then the condition g G S^ j is equivalent to the condition 

d,^^R\c*{n)g - 0. 



For cohomology reasons hold the identity 

uj — RiCj{Q) + idjBjU , 
for some u G C°°(X, R). We deduce the equahties 

= 9^ (id,d,u) = 9„ dE, VgU- 
Using again a standard Kahler identity we infer 

a;« di Vgu = 0. 

An integration by parts yields the conclusion idjdjU = 0, i.e m = 0, which 
implies the required KRS equation. D 

Lemma 3. Let {X,J) be a Kahler manifold and let {gt)tG[Q,T) ^e '^ smooth 
family of J -invariant Kahler metrics solution of the equation 

cjt = RiCg, (r?) - gt . 

Then this family is given by the formula 

gt = - Ric,(f])J + (.90 + Ric,(r!)J)e-*, 

with J -invariant Kahler initial data go solution of the equation 

a,^^V,„log^ = 0. 

Proof. The fact that gt is J-invariant implies that gt is also J- invariant. Then 
the decomposition formula (|2.2[) combined with the evolution equation of gt 
provides 

gt = - RiCj{n)J - gt , 

which implies the required conclusion. D 

From the previous lemmas we deduce directly the following corollary. 

Corollary 3. Let go e S^^ j with gj g 2'!TCi{X) be an initial data for the Q- 
SKRF such that the complex structure stays constant along the flow. Then go 
is a J-invariant KRS and gt = go = — RiCj(r2) J. 

The last statement in the theorem [T] follows directly from this corollary. 
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5 On the smooth convergence of the SoUton- 
Kahler-Ricci flow 

We show now the convergence statement in theorem 1. According to the conver- 
gence result for the fi-SRF obtained in |Pal2j we just need to show the smooth 
convergence of the complex structures. We consider the differential system 

2gt = - ^Igt - 2gt, 
along the i7-SRF (see |Pal2| ) and we remind the uniform estimates 

e"^go ^ 5t ^ 6*^50 , 
proved in |Pal2] . We consider also the estimate of the norm 

\jt\g, ^ V2^\Jt\g,\9: 



gt ■* V ^ 'I. \'Jt\gt \yt \gt j 

where the constant v2n comes from the equivalence between the Riemannian 
norm and the operator norm on the space of endomorphisms of Tx,x ■ We observe 
now the trivial identities 

\Jt\l - Tr^[jt{Jtfg] = - Tr^J,' - Tr^ It. = 2n. 

We deduce the exponential estimate of the variation of the complex structure 

\Jt\g, s; 2n\ga\co(x),g,e-'"\ 

and thus the convergence of the integral 

+ 00 

\Jt\godt < + CX) . 


In its turn this shows the existence of the integral 

^oo := Jo + / Jt dt , 
JQ 

thanks to Bochner's theorem. Moreover hold the exponential estimate 
iJoo - JtUo ^ / \JsLds ^ C'e-^*/2. 



On the other hand the Kahler identity Vg^ Jt = implies the equality 



11 



for all p S N. We deduce the estimates 

thanks to the exponential decay of the evolving Riemannian metrics proved 
in [Pal2] . The fact that the flow of Riemannian metrics {gt)t^o is uniformly 
bounded in time for any C^ {X)-iiOTia implies the uniform estimate 

We infer the convergence of the integral 

/ KoMgodt < + oo , 
Jo 

and thus the existence of the integral 

r+oo 

Jo 
We deduce the exponential estimate 

/ + 00 

A basic calculus fact combined with an induction on p implies Ip — V^^ Joo ■ 
We deduce that {Joo,goo) is a Kahler structure. Then the convergence result in 
[Pal2) implies that g^c is a Joo-invariant KRS. 

6 Appendix. Basic differential identities 

The results explained in this appendix are well known. We include them here 
for readers convenience. 

Lemma 4. Let M be a differentiable manifold and let 

(6)*>o C C°°(M,TAf), iat)t^o C C°° (M, (T;,)®p ® T®/) , 

be smooth families and let ($t)f^o be the flow of dijfeomorphisms induced by the 
family (Ct)t^o , i-e 

— $t = ^t o $t , $0 = IdAf • 
at 

Then hold the derivation formula 

Jt (**"*) = '^^ [jt "* + ^«'"* 
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Proof. We prove first the particular case 



^|t=o ($ta) = L^^a, 



.1) 



where a is i- independent. For this purpose we consider the l-parameter sub- 
group of diffeomorphisms {^t)t^o induced by ^Oj i-e 



dt 



*t == ^0 o *t , *o = Hm ■ 



Let 'I' : ]Rj>o x M — > M given by ^(i,x) — ^^ ^{x) and observe the equahties 



di 



.0 *t ' = - ^0 = -77\t=0 $t ' 



dt' 



3.2) 



We win note by d the partial derivatives of the coefficients of the tensors with 
respect to a trivialization of the tangent bundle over an open set U C M. Let 
.ST^^. Then 



iL^oa)-v = ( — |t=o*ta) -v 



dV 



(d*t-i)®'^-(ao^t) -{d^tT^-v 



^|t=oa*)®'-(t,*t(x)) 



dt 



{ao-^t).{d-^tfP-v 
+ (j^\t=o ai'^tix))] ■ V + a{x) ■ (dt a,vI/)®P(0, x) ■ V 



= - {d,^or''{x)-a-v 

+ {d,a{x)-v)-Co{x) + a{x)-(d^^orP(x)-v. 
since the map 

is zero. Observe in fact the identity 
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Moreover the same computation and conclusion work for $( thanks to (|6.2p . We 
infer the identity (|6.ip . We prove now the general case. We expand the time 
derivative 



dt^ ' ' ds^ 



^* I d \ d ^^ 






We set $* := <J>^^$f+s and we observe the equalities 



d ^t 7^-1 d 



|,^o*^ = d$t ^-^^Is^o^t+s 



Then the identity (|6.ip applied to the family ($*)s implies 



D 



Lemma 5. Lei (X, J) be an almost complex manifold and let Nj be the Nijen- 
hhuis tensor. Then for any ^ G C°°{X,Tx) hold the identity 

L^J = 2j(a,^^e - ^^N,) . (6.3) 

Proof Let ri e C'^{X,Tx). Then 

and the conclusion follows by decomposing in type (1, 0) and (0, 1) the identity 

□ 
14 



We observe now that if {X, J,uj) is a Kahler manifold and u G C°°{X,'Sl), 
then hold the identities 

VujU^uj — — {du) ■ J — —idjU + idjU, 

and 

Lv^uOJ — diy^u^uj) — 2id,djU. (6.4) 

Lemma 6. Let {X,J,g) be a Kahler manifold and let u E C°°{X,]R). Then 
hold the decomposition formula 

Vgdu = idjd,u{-,J-) + g[-,d^^ VgU-j . (6.5) 

Proof. Let ^ , 77 , /i e C°°(X, Tx)- By definition of Lie derivative hold the iden- 
tity 

Cg{v,tJ-) = {Li9){Tl,li) + g{L^f],n) + g{Tj,L^fi). 

Let uj :— g{J-, ■) he the induced Kahler form. Then by using again the definition 
of Lie derivative we infer the equalities 

= {Lii^){ri,Jii) + g{L^r^,ii) + uj{t],{L^ J)fj,) + 3(77, L^/i). 

We deduce the identity 

L^g ^ L^uj{-,J-) + uj{-,L^J-). 

We apply this identity to the vector field ^ := Vg u. Then the conclusion follows 
from the identity 

Lvgug = 2Vgdu, 

combined with dO]) . and ([O]) . D 
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